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We obtain, through ζ function methods, the one-loop effective action for massive Dirac fields
in the presence of a uniform, but otherwise general, electromagnetic background. We show the
agreement of our result with previous ones, concerning particular limit cases.
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In QED, the effective one-loop Lagrangian describes the effective nonlinear interaction of the electromagnetic fields
due to a single fermion loop. In two dimensions, its general form has been obtained both through proper time and
ζ function regularizations [1,2]. In four dimensions, on the other hand, only particular field configurations have been
studied.
The 3 + 1 dimensional problem of constant electromagnetic fields was first studied by Euler and Heisenberg [3]
and independently by Weisskopf [4]. These authors obtained an implicit integral expression for the one-loop effective
Lagrangian in the framework of the electron-hole theory. Later on, Schwinger rederived this integral representation in
a field-theoretical scenario, by making use of proper time techniques [5]. In all these references, explicit results were
derived in some limits, the most famous being the weak-field one. This and other particular field configurations were
subsequently studied by a number of authors (see, for example, [6–9]).
More recently, the interest in the subject was renewed, and the Euclidean effective action for constant electro-
magnetic background configurations was studied through ζ function techniques [10,11]: In reference [12] analytic
expressions were found for the case of purely magnetic fields in any number of dimensions. In this same reference,
the case of equal electric and magnetic fields in four Euclidean dimensions was also studied. A step towards more
general field configurations was given in [13], where the authors obtained the effective Lagrangian as a power series in
B
E
. However, as pointed out in the same reference, a non-perturbative knowledge of the effective action is necessary,
for instance, in order to fully determine the rate of pair production.
It is the aim of this paper to obtain, through ζ function methods, an explicit expression for the full one-loop
effective action of Quantum Electrodynamics in four dimensions in the case of constant, but otherwise arbitrary
electromagnetic fields. To this end, we will work in Euclidean space-time, and define the determinant of the relevant
Dirac operator 6D through the derivative of the ζ function of 6D† 6D.
The effective action in the one-loop approximation is given by
Seff [Aµ] = Scl [Aµ] − logDet (6D [Aµ]) ,
where Scl [Aµ] is the classical Euclidean action and 6D [Aµ] = γµ (∂µ − ieAµ) + im is the Euclidean Dirac operator, m
being the fermion mass.
Now, the functional determinant appearing in the one-loop correction to the action can be defined through ζ
function regularization [10,11], which leads to
Seff [Aµ] = Scl [Aµ] + S











In order to evaluate the one-loop correction S(1) in the previous expression, it is necessary to obtain the spectrum
of the operator 6D† 6D, which is well known in the case of uniform fields [14]. In this particular situation, one can
always choose a reference frame such that F03 = −F30 = E and F12 = −F21 = B, while the remaining components of
the field tensor vanish. When doing so, the required zeta function turns out to be
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Here, a = e|E|
µ2
, b = e|B|
µ2
, c = m
2
µ2
, and µ is a parameter with mass dimension, introduced to render the ζ function
dimensionless. Note that the series in equation (2) are all convergent for <s > 2, where they define a holomorphic
function of s.
We will perform the analytic extension of equation (2) around s = 0, in a way which allows to compare our general
result with the known cases of b = 0 and a = b.
The first two terms in equation (2) can be rewritten in terms of Hurwitz’ zeta functions, which are well known to
be meromorphic functions with a unique simple pole at s = 1. On the other hand, the third term is a zeta function
of the Barnes’ type [15,16] (see also [17,18] and references therein). In order to analytically extend this term, we will



































(1− e−2at) (1− e−2bt)
+ c−s
}
= A(s) + B(s) + C(s) + D(s) , (3)
where ζ(s, v) is Hurwitz’ zeta function. This expression is, in principle, well defined for <s > 2.
























(1− e−2at)2 (1− e−2bt)
= C1(s) + C2(s) ,












































































= C12(s) + C
2
2(s) .











































As all the terms we have analytically extended up to this point, C22(s) involves an integral which diverges at s = 0.



































= CF22(s) + CD
2
2(s) .



































































As is easily seen, this integral converges for <s > −2. We have thus performed an analytic extension for the ζ of
the operator as a meromorphic function with only simple poles. Such extension is valid for <s > −2.








du e−btu sin(kpiu) .
In fact, after replacing this into equation (4), interchanging integrals, and writing the Hurwitz’ ζ functions arising















































where Γ(s, v) is an incomplete gamma function.
This last form will be useful at the level of the effective action. As we will see later, it will be particularly so
when studying the weak field limit to check the agreement with the Euclidean Euler-Heisenberg [3] effective action as
obtained in [3,5].
Before treating the effective action, we will show the agreement of our general ζ function with the results obtained
by other authors for some particular cases, i.e., the case of a null electric or magnetic field [12,13] and that of equal
electric and magnetic fields [12].
We will start with the a = b limit. In this case, the different terms in equation (3) adopt a highly simplified aspect.
In this situation
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and partially cancels the contribution coming from A(s)+B(s). Finally, putting all these pieces together, making use
of the relationship ζ(s, v + 1) = ζ(s, v)− v−s, and adding D(s) one gets



























This expression coincides whith the result obtained in [12] (see equations (5.2.6) and (5.2.4) in that reference).
Now, we will study the limit B → 0. It is easy to see that limb→0 A(s) = 0. As regards limb→0 B(s), it can be








































Finally, D(s) vanishes for b = 0. Then, replacing all these partial results into equation (3), one obtains















which is in complete agreement with the results in [13,12].
Of course, the E → 0 limit, gives an analogous expression, which can be obtained by changing a → b in equation
(5).
Now, we will get the main result in this paper, i.e., the one-loop correction to the effective action. According to
equation (1), we must, to this end, perform the derivatives at s = 0 of the various terms in the analytic extension of
ζ(s, 6D† 6D), thus getting the result in Euclidean space.
As is well known, going to Minkowski space amounts to performing the subtitution
SMeff [E,B] = −S
E
eff [−iE,B] ,
where the superscriptsM and E refer, in an obvious fashion, to Minkowskian and Euclidean metrics.




















































































































































































































































































(−2ieE(l+ 1) +m2 + eB)
)}
, (6)
where the definitions of a, b and c given in the paragraph following equation (2) were used.
This effective action can be seen to be Lorentz and gauge invariant by bearing in mind that, in the reference frame














, where F = 12 (
~E2 − ~B2) and G = ~E. ~B.
An unavoidable test our effective action must resist is its coincidence whith the well known result for weak fields
[3,5]. In order to check this is the case, we will develop the different contributions to the Euclidean effective action in













can be obtained by using the well known asymptotic expansions [19] for log Γ(x), ψ(x), and ζ(s, x). Retaining terms



































































































































((3b)4 − (b+ 2a)4)−
1
48a





























































, the asymptotic expansion for the incomplete Γ function must be used. To the order




























































































































Now, the usual finite renormalizations [12,13] can be performed: After subtracting the effective action for a = b = 0,
















where the definitions of a, b and c given in the paragraph following equation (2) were used. Note that this
renormalization prescription eliminates all the dependence on the scale parameter µ. It also coincides with the
criterium adopted, in a different context, by the authors of reference [20], on the basis that quantum corrections must
vanish in the limit of infinite mass.
The expression in (13) is precisely the Euclidean version of the Euler-Heisenberg effective action for weak fields
[3,5].
To summarize, we have obtained an explicit analytic expression for the one-loop effective action in the case of
massive Dirac fields interacting with a constant, but otherwise arbitrary, electromagnetic background. We have
shown the agreement of our result with previous ones, in particular with the well known weak-field limit. Note that
the logarithmic infrared divergences appearing in the massless limit have been isolated in the contribution coming
from D(s) in equation (3). This is precisely the contribution due to zero modes.
The identification of the real and imaginary parts of the effective action would be of great interest, both for physical
reasons and to allow for a comparison with previous results, obtained with different regularization schemes [9,21].
As pointed by Schwinger [5], the imaginary part gives the rate of production of fermion-antifermion pairs. Obtaining
this rate from equation (5) is a quite easy task in the particular cases of E = 0 (it vanishes) or B = 0 (the well-known
result in [5] is obtained). For general strengths of E and B the result in [22] should be reproduced from our equation
6. However, in this case, the calculation becomes considerably more involved. This issue is at present under study.
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